The extension of the adiabatic regularization method to spin-1/2 fields requires a self-consistent adiabatic expansion of the field modes. We provide here the details of such expansion, which differs from the WKB ansatz that works well for scalars, to firmly establish the generalization of the adiabatic renormalization scheme to spin-1/2 fields. We focus on the computation of particle production in de Sitter spacetime and obtain an analytic expression of the renormalized stress-energy tensor for Dirac fermions.
I. INTRODUCTION
Renormalization in curved spacetime is historically tied to the discovery of particle creation in a timedependent gravitational field [1] [2] [3] [4] . If the particle number of created particles in an expanding universe is calculated in an assumed asymptotically Minkowskian region, the result is unambiguous and finite. However, if the particle number operator is evaluated during the expansion, the result has potential ultraviolet divergences (UV) even for a very slow expansion. Adiabatic regularization was originally introduced as a way to overcome these UV divergences and the rapid oscillations of the particle number operator [1] . The method was later generalized to consistently deal with the UV divergences of the stressenergy tensor of scalar fields in homogeneous cosmological backgrounds [5] . The adiabatic regularization method starts with the formal expression for the expectation values of the stress-energy tensor T µν . One then performs a large momentum asymptotic expansion and identify the leading terms giving rise to formal UV divergences in the integration over momenta. These terms are the same for all physical states. Adiabatic renormalization proceeds then by subtracting those leading terms in the large momentum expansion. The resulting momentum integral for the stress-energy tensor is UV finite. Since the adiabatic subtractions in momentum space give rise directly to a finite momentum integral, the mechanism of adiabatic subtraction is also acting as a regularization procedure. Hence the name of "adiabatic regularization" to refer to the whole process of "renormalization".
The leading terms in the asymptotic series in momenta should be uniquely identified. This is strictly required since the adiabatic subtraction actually involves terms for all momenta, even small ones. To unambiguously characterize the leading terms one needs a physically sound and mathematically well-defined procedure. This is naturally offered by the Liouville or WKB-type asymptotic expansion of the mode functions. This procedure was suggested by the analysis of the particle number operator in expanding universes. The use of the WKB-type expansion for the modes to define particles enforces the physical requirement that the mean particle number is an adiabatic invariant. The covariant notion of adiabatic invariance guaranties the underlying covariance of the subtraction procedure. Moreover, one should subtract only the minimum number of terms necessary to obtain a finite result. This way one keeps as much as possible the form of the original expression for the stress-energy tensor [3] .
The direct method of adiabatic regularization to remove UV divergences in Friedmann-Lemaître-RobertsonWalker (FLRW) universes is equivalent to the more conventional subtraction procedure based on the renormalization of coupling constants in Einstein's equations. The three type of UV divergences (quartic, quadratic, and logarithmic) in the formal expression of the stress-energy tensor T µν would be canceled by counterterms associated to the cosmological constant Λg µν , the Einstein tensor G µν , and higher-order terms proportional to (1) H µν [6] . These three terms are of adiabatic order zero, two, and four, respectively. The rule of minimal subtraction in the general procedure of adiabatic regularization can therefore be additionally justified in terms of renormalization of coupling constants.
An alternative asymptotic expansion to consistently identify the subtraction terms in a generic spacetime was suggested by DeWitt [7] , generalizing the Schwinger proper-time formalism. The DeWitt-Schwinger expansion was armed with the powerful point-splitting technique [8] and applied, mainly for scalar fields, to different spacetimes of major physical interest [4] . The DeWitt-Schwinger point-splitting method for scalar fields was proved to be equivalent to adiabatic regularization [9, 10] . However, a distinguishing characteristic of adiabatic regularization is its capability to overcome the UV divergences occurring in the particle number operator. Moreover, a major practical advantage of adiabatic regularization is that it is very efficient for numerical calculations [11] [12] [13] . It is also potentially important to scrutinize the power spectrum in inflationary cosmology [14] and to study implications of quantum gravity at low energies [15] .
The point-splitting prescription [7, 8] can be naturally extended to spin-1/2 fields [16] and one would expect an analogous extension within the adiabatic subtraction arXiv:1311.4958v2 [gr-qc] 26 Feb 2014 scheme. However, the WKB template that works for scalar field modes is actually closely related to the KleinGordon product, but not to the Dirac product. In fact, a self-consistent adiabatic expansion for spin one-half modes has been so far elusive. A solution to this problem has been recently sketched in [20] and the purpose of this paper is to provide the details of the proposed expansion and to firmly establish the extension of the adiabatic regularization to spin-1/2 fields.
To properly understand the novelties introduced for spin-1/2 fields, we briefly review in Sec. II the adiabatic renormalization method for scalar fields. In Sec. III we describe the proposed adiabatic expansion for the spin-1/2 field modes to find the renormalization subtraction terms. In Sec. IV we test the consistency of the extended adiabatic method by working out the conformal and axial anomalies. We also study fermionic particle creation in a FLRW spacetime. In Sec. V we study the creation of Dirac particles in de Sitter spacetime, and an analytical expression for the renormalized stress-energy tensor is obtained. Finally, in Sec. VI we summarize our main conclusions. Our conventions follows [3, 4] with = c = 1.
This condition ensures the usual commutation relations for the creation and annihilation operators. Differential Eq. (6), together with condition (7), leave us with one unspecified degree of freedom for the function h k (t), and then for the vacuum state |0 defined as A k |0 ≡ 0. Adiabatic regularization and the definition of physical particles is based on a WKB-type expansion for the modes. We can substitute into (6) the ansatz
where W k (t) is a time-dependent function. This ansatz obeys condition (7) . We get the following equation for W k (t):
W k (t) can be expanded as an adiabatic series
.., where the term ω (n) has n time derivatives of the scale factor a(t). If we impose the leading term ω (0) to be the physical redshifted frequency ω (0) (t) ≡ ω(t) ≡ ω k (t) = k 2 /a 2 (t) + m 2 , the other terms can be obtained by solving (9) at a given adiabatic order. It is found that ω (1) = ω (3) = 0, and
. This expansion constitutes the basic cornerstone of the adiabatic regularization method. It allows us to define the particle number [1, 2] and also to renormalize local operators by removing their UV divergences, while keeping their covariance [5] .
The particle number in an expanding universe is not a constant of motion, but it is, nevertheless, an adiabatic invariant. Since the particle number is actually changing while it is being measured, there is always an intrinsic uncertainty in the particle number concept. Therefore, one should expect a fuzzy characterization of the splitting between positive and negative frequency modes. However, when the expansion enters into the adiabatic regime, the characterization is naturally done in terms of the nthorder adiabatic modes g
with
and W (n)
We expand the φ field as
where the time-dependent operators a † k (t) and a k (t) obey the usual commutation relations. These operators are related with the time-independent ones A † k and A k by the Bogolubov transformations a k (t) = α (n)
. The time-dependent coefficients α 
(t) and a k (t) are interpreted as annihilation and creation operators for real particles created in pairs from the vacuum |0 by the expanding universe.
The number of created particles with momentum k is
, and the average number density of total created particles is
In order to have a well-defined expression for the mean number of created particles, we must use the minimum order n that makes this quantity converge in the ultraviolet regime. Generically, the sum (13) is UV divergent for n = 0, while it converges for n = 1 (see also [21] ). Therefore, one needs in this case to use the Bogolubov coefficient β
k (t) (this last criteria will change when considering spin-1/2 particles). Therefore, in the continuous limit L → ∞, the number density of particles created at a given time t is
The adiabatic expansion of the modes can be moved easily to an expansion of the 2-point function (5) and (8), the adiabatic expansion of G(x, x) in the continuous limit is written as
G(x, x) is formally a divergent quantity and must be renormalized. This is done in adiabatic renormalization by subtracting the expansion G Ad (x, x) truncated to the minimal adiabatic order necessary to cancel all UV divergences that appear in the formal expression of the vacuum expectation value that one wants to compute. For instance, the computation of the renormalized variance φ 2 requires truncation up to second adiabatic order
(16) while the renormalization of the stress-energy tensor needs subtraction up to fourth adiabatic order. Since it has been the observable more studied in the literature, we refer the reader interested in its full renormalization to the classical works [5, 6] .
III. ADIABATIC EXPANSION FOR SPIN ONE-HALF FIELDS
With all the previous background on the adiabatic regularization method for scalars, we now enter into the main content of this work: its extension to spin-1/2 fields.
The covariant Dirac equation in curved spacetime is given by (see for instance [3, 4] )
where γ µ (x) are the spacetime-dependent Dirac-matrices satisfying the condition {γ µ , γ ν } = 2g µν and ∇ µ ≡ ∂ µ − Γ µ is the covariant derivative associated to the spin connection Γ µ .
Let us consider the spatially flat FLRW metric (2). The matrices γ µ (t) are related to the constant Dirac ma-
αβ , by the simple relations
Moreover, we also have γ µ Γ µ = −3ȧ/2aγ 0 . The Dirac equation is then of the form
Let us now work with the standard Dirac-Pauli representation for the Dirac matrices
where σ are the usual Pauli matrices. After momentum expansion
it is convenient to write the Dirac field in terms of two two-component spinors
where (23) and the uncoupled second order equations:
and
The normalization condition for the four-spinor is
This condition guaranties the standard anticommutator relations for creation and annihilation operators defined by the expansion
where u k,λ (t, x) is defined from an exact solution to the above equations
These modes maintain the standard normalization with respect to the Dirac scalar product
The orthogonal modes v k,λ (t, x) are obtained by the charge conjugation operation
and similarly for the
operators.
A. WKB-type expansions
One could be tempted to use the above Klein-Gordon type Eqs. (24) , (25) to generate a WKB-type expansion for h I k and h II k . A redefinition of the field modes ash
The WKB-type ansatz (8) works so well for scalar fields since it preserves the Klein-Gordon product, and hence the Wronskian (7). However, it does not preserve in general the Dirac product and the associated Wronskian (normalization) condition (26) .
The presence of a complex quantity in the above Eqs. (32), (33) suggests using a generalized form of the WKBtype expansion [17, 18] 
At first adiabatic order one has Ω I(1) = 0 = Ω II (1) . The constants N I,II k should be determined by imposing, order by order, the normalization condition |h
It is easy to see that, at first adiabatic order, the constants N I,II k cannot be fixed to fit this condition. Only at zeroth adiabatic order we have a consistent solution
We should stress, nevertheless, that the above ansatz is consistent for a spinor field in Minkowski space in the presence of a homogeneous time-dependent electric field [18] . To find an adiabatic expansion for spin-1/2 field modes in a FLRW universe we have to follow a different strategy.
We also remark that a WKB-type expansion can also be very useful to find approximate solutions to the Dirac equation in nontrivial backgrounds, as for instance in static, spherically symmetric spacetimes [19] . However, the aim of those applications of the WKB-expansion are not directly linked to the proper renormalization expansion (in [19] a DeWitt-Schwinger point-splitting expansion is used as the renormalization scheme). The strong requirements that an asymptotic expansion needs to satisfy to define a consistent renormalization scheme are not necessary for other purposes. In any case the zeroth adiabatic order should naturally generalize the standard solution in Minkowski space
where here ω = √ k 2 + m 2 . Therefore, the zeroth adiabatic order must be of the form
where from now on ω(t) = k 2 /a 2 + m 2 , as usual. It is easy to see that the zero order obeys the normalization condition |g
where ω (n) , F (n) and G (n) are local functions of adiabatic order n. 2 {(ReG
Moreover, the modes at order n = 1 should also respect the normalization condition at the given order
leading to the additional equation
The solution to Eqs. (38), (39) and (40) is
We see that ImF (1) is undetermined. Nevertheless, it is useful to realize that F (1) and G (1) can be parametrized as
where A and B are real arbitrary constants satisfying A + B = 1/2, and K(m, ω) is an arbitrary functional of m and ω with the adequate dimensions.
Adiabatic order n = 2
At second adiabatic order, Eqs. (23) restrict the form of the functions F (2) , G (2) and ω (2) . We get
where ImF (1) is a zeroth order adiabatic term defined by the expressioṅ
Moreover, the normalization condition at second adiabatic order g
As for adiabatic order one, the solution to the above equations is not univocally fixed. The general solution is given by
We note that, as for ImF (1) , ImF (2) is also undetermined.
Before going to the third adiabatic order, it is convenient to analyze the expression for the adiabatic subtraction term involved in the renormalization of local observables requiring up to second adiabatic order. This is the case of ψ ψ . Given a vacuum state characterized by the exact mode functions h I k , h II k , the renormalized observable ψ ψ r is given by
The explicit form of the subtraction terms in (52) is given by
which turns out to be independent of the ambiguity in ImF (1) and ImF (2) . This also happens for any local observable, irrespective of the adiabatic order required in the renormalization (for further details see [22] ). Therefore, from now on we will fix the ambiguity by choosing that F (n) (−m) = G (n) (m) for every n ≥ 1. This is equivalent to g
(m) and implies that ImF (1) = −ImG (1) and ImF (2) = 0 = ImG (2) , and hence
where R = 6(ä/a +ȧ 2 /a 2 ). Let us finally remark that the first two terms in (53) are, after integration in momenta, UV divergent. This is similar to what we have seen in the renormalization of φ 2 . The first one is of zeroth adiabatic order and can be associated to the renormalization of the cosmological constant. The second one, of adiabatic order two, is proportional to the scalar curvature and it can be associated to the renormalization of Newton's constant.
Third and fourth adiabatic order
We can proceed in the same way to compute the solutions at third adiabatic order. With the mentioned simplifying assumption F (3) (−m) = G (3) (m) and after similar calculations, we get
(61)
Finally, the fourth-order contributions are given in appendix A. We can continue the iteration indefinitely for all adiabatic orders, but relevant observables require at most subtractions up to fourth adiabatic order.
IV. ADIABATIC REGULARIZATION FOR SPIN ONE-HALF FIELDS
Having developed the extended adiabatic expansion for spin-1/2 fields, we move now to its application for the obtention of conformal anomalies and the number operator.
A. Anomalies for spin one-half fields
The purpose of this section is to prove the consistency of the proposed adiabatic expansion for spin-1/2 field modes by working out the conformal and axial anomalies in a FLRW spacetime. We extend in this way the adiabatic regularization to spin-1/2 fields. We will find exact agreement with those obtained from other renormalization methods.
Conformal anomaly
The stress-energy tensor of the Dirac field in a curved background can be expressed, using the Dirac equation iγ µ ∇ µ ψ − mψ = 0, as
One obtains immediately that the trace of the stressenergy tensor takes the simple form
When the field is massless the trace vanishes, signaling the emergence of the conformal invariance. However, in the quantum theory the expectation value T µ µ = m ψ ψ takes a nonzero value even in the massless limit. Our purpose is to perform the calculation of this anomalous trace using the extension of the adiabatic regularization method for spin-1/2 introduced above. Since the expectation value ψ ψ is now regarded as a piece of the average value of the stress-energy tensor T µν , the renormalization should be performed up to the fourth adiabatic order. Taking into account that
one can evaluate the trace anomaly by taking the massless limit in the above expression
Only the fourth-order adiabatic subtraction terms survive in limit m → 0. Therefore, the trace anomaly is given by the massless limit of the following integral
This integral is finite by construction and can be worked out analytically. The trace anomaly is then
This result can be rewritten as a linear combination of the covariant scalars
We find
where in the second line we have introduced the GaussBonnet invariant G, which for a FLRW spacetime is given by G = −2(R µν R µν − R 2 /3). The conformal anomaly is generically given for a conformal field of spin 0, 1/2 or 1 in terms of three parameters
The result obtained for a Dirac spin-1/2 field by other renormalization procedures is A = −9, B = 11/2, C = 6 [4] . Our above result (71) agrees exactly with the results obtained from other methods. We note that in a FLRW spacetime the conformal tensor C µνρσ vanishes identically.
We stress that no R 2 term appears in (71) and (72), although such a term could have appeared. The vanishing of an R 2 term when the trace anomaly is expressed in terms of G, R and C µνρσ C µνρσ is required by consistency with the theorem that no creation of particles obeying conformally invariant equations occurs in an FLRW expanding universe [1, 2] . This is the case for a massless spin-1/2 field. This theorem is based on the conformal invariance of the field equations and it is respected by the conformal anomaly, as shown in [23] .. [For physical implications of this fact for the electromagnetic field see [24] ].
Axial anomaly
In curved spacetime the axial vector current
5 ψ. For a massless Dirac field the classical axial current is conserved, due to the chiral symmetry. At the quantum level the expectation value ∇ µ J µ A may acquire a nonzero value in the massless limit. We want to evaluate this quantity using the adiabatic regularization for fermions. The strategy is similar to the evaluation of the conformal or trace anomaly. Since the divergences of ∇ µ J µ A are of fourth adiabatic order we have to work out 2imψγ 5 ψ also at fourth adiabatic order. In this case
Keeping only those terms that survive in the massless limit we have
The integral is finite and can be computed analytically. We find
The vanishing of the axial current anomaly in our FLRW spacetime agrees with the result obtained from other renormalization methods. In a general spacetime the axial anomaly is given by (see, for instance, [3] )
It is very easy to check that for a FLRW spacetime the right-hand side of (75) vanishes identically, in agreement with our result (74).
B. Number operator
Let us analyze the number operator for spin-1/2 Dirac particles. As for bosons, the quantized field ψ can also be expanded in terms of the fermionic adiabatic modes g k,λ ( x, t),
where g c k,λ (t, x) are the corresponding adiabatic modes obtained by the charge conjugation operation C and
The Bogolubov coefficients can be now obtained from the exact modes h I k (t) and h II k (t) by solving the following system of equations:
We have restricted for simplicity to the λ = 1/2 case; similar equations apply for the opposite helicity. The solution of this system is, using that g I(n) k and g II(n) k follow the normalization condition (26) ,
These Bogolubov coefficients obey the relation |α
On the other hand, the average number of created fermionic particles of specific helicity and charge with momentum k is
As for bosons, we must use the minimum order that makes this integral converge in the ultraviolet limit. It is generally found that for large k, |β
. This is confirmed in the next section for de Sitter spacetime. This behavior guarantees the finiteness of the average number density of created particles when summed for all momenta:
We note that, in contrast with the scalar field, this result is obtained with the zeroth adiabatic order. [We note for completeness that in the calculation of the uncertainty for the particle number, one would need β Finally, returning to the continuous limit, the density of spin one-half particles as a function of time of specific charge and helicity is
V. SPIN ONE-HALF FIELD IN DE SITTER SPACETIME
We analyze in this section the particle creation and the renormalized stress-energy tensor for a spin-1/2 field in de Sitter spacetime. This space is described by the metric (2) with scale factor a(t) = e 
It is helpful to define the following dimensionless variables as
In terms of these variables, the solution of (85) is given by the two independent functions √ zH (where the order n is arbitrary). In the same way, Eq. (86) has two independent solutions √ zH . Therefore, we take
where α and β are real constants to be fixed and the overall normalization factor √ πz/2 has been extracted for convenience. By substituting (88) and (89) into (84), we find α = β. Finally, by imposing the normalization condition (26), we find |α| = 1. Therefore, we have
up to a constant phase factor. Equations (90) and (91) determine a vacuum for spin one-half fields analogous to the Bunch-Davies vacuum [25] for scalars, because it is the solution that reproduces the adiabatic modes for initial times.
We note that h
. This is seen more clearly if we write (90) and (91) using the property H
The full orthonormalized spinors u k,λ ( x, t) and v k,λ ( x, t) for de Sitter space can be constructed as
where we have defined the ν coefficient as
In order to study the particle number operator and the stress-energy tensor, we need the first terms of the adiabatic expansion introduced in Sec. III and particularized for (83). We assume for simplicity the condition F (n) (m) = G (n) (−m). If we substitute ω = H(z 2 + µ 2 ) 1/2 ,ȧ/a = H and R = 12H 2 into (55) and (58), we obtain The third-and fourth-order contributions can be obtained in a similar way, but they are not explicitly written here.
We move now to the analysis of the particle number and the stress-energy tensor in de Sitter spacetime. (14) holds. After some algebra, we find that the bosonic density can be written as
where I(µ) is a function given by the integral
By construction, the integrals J(µ) and I(µ) are convergent in the ultraviolet regime. Also, densities (102) and (104) are time-independent because de Sitter is a maximally symmetric spacetime with no preferred coordinate points. Figure 1 shows the average densities (102) and (104) as a function of the particle mass for H = 1. Their behaviors are quite different. For bosons, one finds that lim µ→∞ n b = 0, and that n b has an infrared divergence in the massless case lim µ→0 n b = ∞. [However, this divergence is somewhat spurious, because it appears for massless particles with no momentum, which do not contribute to the total energy content. This is confirmed because the bosonic T µν obtained in [26] and [25] is finite in this limit].
Nevertheless, the behavior of n f is quite different. First, we find that particle creation does not happen for massless fermions. The statement that creation of massless fermions is forbidden is quite general. It is due to the conformal invariance of the field theory, because creation of particles does not happen in any conformally invariant theory in a conformally flat metric such as (2) . As already stressed, this is compatible with the conformal anomaly.
On the other hand, it is found that n grows linearly with the mass. More specifically, for m H, n grows as n ∼ αmH 2 with α a constant. Therefore, one would expect that for large masses the effects of spontaneous particle creation can be so important that backreaction effects must be taken into account. The final result could be an instability of de Sitter space. However, our assumed quantum state conspires to protect this to happen, as we will shortly see: the renormalized stress-energy tensor does not grow with the mass. 
